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The purpose of this note is to prove the following result about the nonexistence 
of colorings. 
The purpose of this note is to prove the following result about the non- 
existence of colorings. 
THEOREM. Given ai orientable surface of positive genus, and any positive 
numberp, we canfinda triangulation G of the surface satisfying these conditions: 
(1) all edges of G have length less than p; 
(2) G has no four coloring. 
We require two lemmas. Recall that the degree of a vertex is the number 
of triangles containing it. 
LEMMA 1. If a triangulation T of some surface has exactly two vertices of 
odd degree, and they are adjacent, then T has no four coloring. 
Proof. Iln [l, p. 3271, we showed that under any coloring, the two odd 
vertices must be colored alike. Since they are also adjacent, there is no 
coloring. i 
FIGURE 1 
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LEMMA 2. Given any orientable surface of positive genus, there is a triangu- 
lation as in Lemma 1. 
ProoJ: Figure 1 shows such a triangulation on the torus. Now take any 
triangulation of a surface of genus g such that all vertices have even degree. 
For example, G may be taken to be the barycentric subdivision of any 
triangulation of the surface. Cut out any triangle of Fig. 1, and any triangle 
of G. Join the two resulting surfaces along their boundary triangles. This 
new triangulation satisfies the conditions of Lemma 1, and is of genus g -i- 1. 
Proof of the theorem. Let T be a triangulation of a surface of genus g 
satisfying the conditions of Lemma 1. To get a triangulation with arbitrarily 
short edges, it suffices to introduce a method of subdivision which preserves 
the parity of degrees of vertices. Barycentric subdivision will not work; we 
must use even subdivision (see [2, Chap. 21). Using the subdivision shown 
in Fig. 2, we can make the edge joining the two odd vertices arbitrarily short. 
If we perform the subdivision of Fig. 3 on the longest edge of a triangle, the 
new edges are less than S/l0 as long as the edge that was subdivided. Hence 
if we repeatedly subdivide the longest edge in the entire triangulation, the 
edges eventually will be arbitrarily short. 
For more details about the techniques used in this note, see [2]. 
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